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Abstract. A novel approachfor learning of temporally extended,continuous
signalsis developedwithin the framework of rate codedneurons A nen tem-

poral Hebblike learningrule is devised which utilizes the predictve capabili-
ties of bandpasdiltered signalsby usingthe derivative of the outputto modify

theweights.Theinitial developmentof the weightsis calculatedanalyticallyap-

plying signaltheoryandsimulationresultsareshavn to demonstrat¢he perfor

manceof thisapproachln additionwe shav thatonly few unitssufice to process
multiple inputswith long temporaldelays.

1 Introduction

Thelearningrule by DonaldHebbhasalwaysbeenoneof thebasicconceptof compu-
tationalneurosciencgl]. Learningis achievedthroughchange®f the synapticweights
betweemeuronsThesynaptioveightis increasedvhenthepre-andpostsynaptispik-
ing actwity is correlatedanddecreasedice versa.This learningrule is symmetricin
time within a certaintime window. In contrastto this traditionalapproachthe tempo-
ral Hebbrule is asymmetricn time: A weightwill be strengtheneanly if the input
precedeshe outputby a shortinterval. If the orderof input andoutputis reversedhe
weightwill bedecrease{l-4].

We emphasizéerethe mostubiquitoustemporalearningknown as”classicalcon-
ditioning”. It takes placeon ratherlong time scalesand normally requirestwo input
stimuli, the unconditionedand the conditionedstimulus,which often arisefrom dif-
ferentsensoriamodalities. Theunconditionedstimulus(food) is followedby anoutput
event(salivation).After learningtheconditionedstimulus(bell), whichalwaysprecedes
the conditionedstimuluswill elicit the sameeventand,thus,the unconditionedstim-
ulus canbe interpretedasa predictorof the conditionedstimulus(the soundof a bell
predictsthefeeding).

Sofar temporalsequencéearninghasin generalbeenachiesed by the “temporal
difference(TD)-algorithm”[7, 8]. This algorithmis discretein time andamplitude.In-
steadjn ourapproaclwe have choseraratecodedescriptionasthelevel of abstraction,
which allowsto treatcontinuoussignalsandthis hasthe advantagehatwe candevelop
thetheoryin ananalyticallysolvableway.

In orderto implementour algorithmwe will introduceneuronafilter circuitswhich
will actasdampedscillatorsanddeviseanew learningrule. Thisrule directly useshe



temporalchange(the derivative) of the neuronaloutputactivity to modify the weights
in the network. In addition,our systemhasthe feature thatvery few componentsare
requiredto cover largetime intervals(in contrasto the TD-algorithm)andit allowsto
usemultiple inputs,which arethetwo critical prerequisite$or “classicalconditioning”.
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Fig.1. A) The basiccircuit in the time domain.B) shawvs the inputs z, the impulseresponses
u for a choiceof two differentresonatorsh andthe derivative of the outputv’. C) shaws the
initial weight changep: (T')¢=o. Topt is the optimal time differencebetweenz; andz, for a
maximumchangeof the weight p;. The time differenceof zo, z1 in B is adjustedto Topt, as
well. Parametersfo = 0.1, f1 =0.05,Qo =Q1 =Q = 1.

2 Theneuronal circuit

We considera systemof N + 1 units h receving a continuousinput signal z and
producinga continuousoutputu. Theinput unitsconnectwith weightsp to oneoutput
unitv (Fig. 1A). All inputunitsarein principle equivalentbut we will usehg to denote
theoneunit which transmitshe unconditionedstimulus.The outputw is thengivenas:

N
v = pouo + Z piug  With  wy(t) = z;(t) * hi(t) 1)

i=1

The transferfunction h shall be that of a resonatorwith Frequeng f and Quality @
which transformsa §-pulseinput into a dampedoscillation (seeFig. 1B). For later
usewe will definethe transferfunction of the resonatorin the Laplacedomainas:
H(s)=[(s+p)(s+p*)] twithp=a+iba=nf/Qandb=/(27f)% — a2.

Learning(viz. weightchange}akesplaceaccordingo anew learningrule changing
theweightsin eachtime-stepby Ap;, with:

Api = pup'  p<K1 ()

wherethe weight changedependsn the correlationbetweenu; andthe deriative of
theoutputv (seeFig. 1B).



3 Performance

3.1 Goal

We stateour goal as: After learning,the outputunit shall producea well discernible
signalv (e.g.,of highamplitudeandsteeplyrising) in responséo the earliestoccurring
conditionedstimulusz;,j > 1.

3.2 Analytical solution of theinitial weight change

Similar to otherapproache§9] we computetheinitial developmentof the weightsas
soonas learningstarts,becausehis is indicative of the continuationof the learning
processAs usualwe requirethatall weightchange®ccuron amuchlongertime scale
(i.e.,very slowly) ascomparedo the decayof the oscillatoryresponses. This allows
usto treatthe systemin a steadystatecondition,thus,Ap — 0 for At — 0.

In orderto calculatethis weightchangewe will now introduceseveralrestrictions:
A) Theweightof theunconditionedtimulusis setto pg = 1 andkeptconstanthrough-
out learning.B) We will consideronly oneunit thatcanlearn,thus,N = 1. C) Ac-
cordingly we have to dealwith only two input functionszg, 1 andwe definethemas
(delayed)-pulseszo(t) = 6(t + T),T > 0 andzy (t) = &(t). Theserestrictionswill
allow usto developthetheorybut canbewaivedin the endwithout affectingour basic
findings.

Becausenve assumesteady-stateywe can rewrite the productin the learningrule
(Eg. 2) asacorrelationintegral betweerinput andoutput:

Api(T) = / T (T 1) (r)dr @3)

Thevalueof T representthedelaybetweerconditionalandunconditionaktimulus.In
orderto assureoptimallearningprogressve must,therefore determinethat particular
valueT,,; for which a maximalweightchangeis obsered.Becauseve areinterested
in theinitial weightchangewe canassumep (t) = 0 for ¢t = 0. andEq. 3 turnsinto:

Ap1(T)i=0o = p /OOO ur (T + 7)ug (7)dr 4)

In orderto solve Eq. 4 we have to switchto the LAPLACE domainwhere H(s) is
thetransferfunctionof theresonatoresdefinedearlier We get:

1 [t ;
Ap1(T)p—o = p— H, (iw) [—iwe™™ Hy(—iw)] dw (5)
21 J_
wesetPt = |p1|? + |po|? and P~ = |p1|? — |po|? andgetafterintegrationwith the

methodof residues:

b1 P~ cos(b1T) + (a1 Pt + 2a0|p1|?) sin(b: T) T

6
bl(P+ + 2a1a9 + 2b1b0)(P+ + 2a1a9 — 2b1b0) ( )

Ap1(T)i=0 = p



This resultis plottedin Fig. 1. If we assumedenticalresonatorsig, b1, Wwe have ag =
a1 = a andby = b; = b andEq. 6 simplifiesto:

1 . —a
Apl(T)t=0=llmsm(bT)€ r (7)

Thisis simply theimpulseresponsef theresonatoitself. Thus,in this specialcasethe
learningcurve canbetunedby thechoiceof acertainimpulseresponsef theresonatar
In otherwordsit is possibleto implementan analogtemporalHebb learningbehaiour
andtreatthis analytically Before shoving simulationresultswe note that the above
obtainedanalyticalresultscanbe extendedto cover the mostgeneralsystemstructure
asrepresenteth Fig. 1A. With Eq. 1 transformedn the L APLACE domainthelearning
rule turnsto:

N

V(s) = p;jX;(s)Hj(s) (8)
=0

Ap; = —M;—L:r +°° V(—iw)Uj(iw)dw, ©)

whereEq. 9 is the generalfform of Eq. 5. It shouldbe notedthatfor all Ap; this inte-
gral canstill be evaluatedanalyticallyin the sameway asin the specialcasewith two
resonatorsliscussedbove.

3.3 Simulations

In orderto validatetheapproactseveralsimulationsof increasingcomplexity wereper
formed.As theanalyticalsolutiontreatsonly theinitial learningstepwe determinedhe
learningbehavior for ¢ >> 0 with asequencef two § pulsesz;, zo asinputs.Fig. 2A
shows thatat theinitial learningstepthe outputfunctionv still coincideswith the un-
conditionedstimulusresponse,. After 10repetitionsof the pulse-sequendgig. 2 B),
the outputfunction hasshiftedforwardto ;. This forward shift canbe interpretedn
thesensef classicakonditioning:afterlearningthe outputsignalv predictsthe occur
renceof ug having beenconditionedby u; .

A sufficiently strongcorrelationoccursin this setuponly for a smalltemporaldif-
ferencebetweenthe input pulses.To improve on this one can useseveral resonators
h1, ---, hy, With differentfrequenciesvhich will all receve input from the conditioning
stimulusz, defining:Ty = T;2; = z1,T; = 0 for j > 1 (Fig. 1A andEq. 8). In
Fig. 2 C-E we usefive resonatorso represent;; andshow theresultsafter10learning
stepdor increasinglylargerintervalsT which separatéheinput pulsesWe notethatin
all caseghe outputis a superpositiorof the differentresonatooutputsandthata well
discernibleearly signalcomponengxistsin responseo the conditioningstimulusz; .
Thisis dueto thefactthatin this setupthelearningprocessanbe seerasa sequential
improvementf therising edgeat the onsetof the conditionedstimulus.

In thenext simulationwe copiedall conditionsfrom thelastsimulationbut replaced
thed-pulsesatzg andz; by temporallyextendedsignals(Fig 2 F/G). This wasdoneto
shaw thatthe systemis ableto dealwith comple< input signals.In an applicationthe
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Fig. 2. Simulationresults Arbitrary time stepsvereusedn thesimulationsPulsesequencewere
repeatecbvery 100 time-stepsthe first startingat zero. Resonatorsvereimplementedigitally

as|IR-filters, which leadsto a small onset-delayof 2 time-stepsThey had always a value of

a = 0.17. A,B) areobtainedwith two identicalresonators, h1 with: bo,1 = 1.09. The other
parametersverey = 0.01 andT' = 2. A) Resultfor ¢t = 0, B) for t = 900. C-E) arecalculated
with six resonatordjve (curvesof s, ..., us) receving inputfrom z; andone(curwve of ug) from

zo. Resonatoparametersire: fo = 1.09, f; = J%Q,j > 1, p wassetto 0.11. Resultsareshavn

fort =900.C)T =5.D) T = 15, E) T = 25. F,G) have thesameconditionsasD) zo wasalso
asquarewave but x; wassineburst.

signalzy (theunconditionedstimulus)could be alight stimulusandthe signalz; (the
conditionedstimulus)a soundevent. After learningthe systemis againableto detect
thesineburstasthe predictorof the squarepulsez.

4 Discussion

Fromtheabove resultsit canbe deducedhatthe systemgeneralizesvithout problems
to moregenericinput combinationge.g. morethantwo inputs).An importantfeature
of otheralgorithmsfor sequencédearningis thatafter convergencethe outputfunction
will approximatean “expectationpotential”, which is essentiallya rectangularfunc-
tion, startingat z; andendingat zo (se€[10], chapterl0). Thisis the reasonwhy our
theorywasdevelopedusing resonatorgband-passeshecausehey allow to compose
arbitrary shapeof v, suchas expectationpotentials We realize,however, thata pure
low-passcharacteristiovould also suffice to inducetemporallearning,which relates
our approacho thetheoryof adaptve filters [11]. This helpsto understandhe predic-
tive propertiesof our system becausdrom this context it is known thatthe derivative
of a low-passfiltered signal actsasa predictorof the signal[12]. However, adaptve
filters rely on the (graduallyshifting) self-similarity of a single signal- henceon its
auto-correlatiorpropertiesWhereaour approachgainsits predictve power from the
cross-correlatiopropertiesbetweentwo (or more) signalssuchasin biological clas-



sical conditioning. Therefore we expectthatthis approachwill alsoprove usefulin a
moretechnologicallyorientedcontext.
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