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Abstract. A novel approachfor learningof temporallyextended,continuous
signalsis developedwithin the framework of ratecodedneurons.A new tem-
poral Hebb like learningrule is devised which utilizes the predictive capabili-
ties of bandpassfiltered signalsby usingthe derivative of the outputto modify
theweights.Theinitial developmentof theweightsis calculatedanalyticallyap-
plying signaltheoryandsimulationresultsareshown to demonstratetheperfor-
manceof thisapproach.In additionweshow thatonly few unitssufficeto process
multiple inputswith long temporaldelays.

1 Introduction

Thelearningruleby DonaldHebbhasalwaysbeenoneof thebasicconceptsof compu-
tationalneuroscience[1]. Learningis achievedthroughchangesof thesynapticweights
betweenneurons.Thesynapticweightis increasedwhenthepre-andpostsynapticspik-
ing activity is correlatedanddecreasedvice versa.This learningrule is symmetricin
time within a certaintime window. In contrastto this traditionalapproachthe tempo-
ral Hebbrule is asymmetricin time: A weight will be strengthenedonly if the input
precedestheoutputby a shortinterval. If theorderof input andoutputis reversedthe
weightwill bedecreased[2–4].

Weemphasizeherethemostubiquitoustemporallearningknown as”classicalcon-
ditioning”. It takesplaceon ratherlong time scalesandnormally requirestwo input
stimuli, the unconditionedand the conditionedstimulus,which often arisefrom dif-
ferentsensorialmodalities.Theunconditionedstimulus(food) is followedby anoutput
event(salivation).After learningtheconditionedstimulus(bell),whichalwaysprecedes
the conditionedstimuluswill elicit the sameevent and,thus,the unconditionedstim-
ulus canbe interpretedasa predictorof theconditionedstimulus(the soundof a bell
predictsthefeeding).

So far temporalsequencelearninghasin generalbeenachieved by the “temporal
difference(TD)-algorithm” [7, 8]. This algorithmis discretein time andamplitude.In-
stead,in ourapproachwehavechosenaratecodedescriptionasthelevelof abstraction,
whichallowsto treatcontinuoussignalsandthishastheadvantagethatwecandevelop
thetheoryin ananalyticallysolvableway.

In orderto implementouralgorithmwewill introduceneuronalfilter circuitswhich
will actasdampedoscillatorsanddeviseanew learningrule.Thisruledirectlyusesthe



temporalchange(thederivative) of theneuronaloutputactivity to modify theweights
in the network. In addition,our systemhasthe feature,that very few componentsare
requiredto cover largetime intervals(in contrastto theTD-algorithm)andit allows to
usemultiple inputs,whicharethetwo critical prerequisitesfor “classicalconditioning”.

v(t)

x (t)1

x (t)0

ρ1

ρ
0

x  (t)N

h (t)1

0h (t)

ρΝ

h  (t)Ν

u (t)1

u (t)0

u  (t)N

t

x1 B

T

C

optT

A

∆ρ(T)

x0

u0

v’=u’0
u1

Fig. 1. A) The basiccircuit in the time domain.B) shows the inputs � , the impulseresponses� for a choiceof two different resonators
�

andthe derivative of the output ��� . C) shows the
initial weight change���
	��������� . � opt is the optimal time differencebetween� � and � � for a
maximumchangeof the weight � � . The time differenceof � ��� ��� in B is adjustedto � opt, as
well. Parameters:� ������� � � � ����� � �"!��$#%�&�'#(����#)� � .
2 The neuronal circuit

We considera systemof *,+.- units / receiving a continuousinput signal 0 and
producinga continuousoutput 1 . Theinput unitsconnectwith weights2 to oneoutput
unit 3 (Fig. 1A). All inputunitsarein principleequivalentbut wewill use /54 to denote
theoneunit which transmitstheunconditionedstimulus.Theoutput 3 is thengivenas:

37682 4 1 4 + 9: ; <>= 2 ; 1 ; with 1 ;@?BADC 680 ;@?BADC>E / ;$?BADC (1)

The transferfunction / shall be that of a resonatorwith Frequency F andQuality G
which transformsa H -pulse input into a dampedoscillation (seeFig. 1B). For later
usewe will definethe transferfunction of the resonatorin the Laplacedomainas:I ?KJLC 6NM ?OJ +QP CR?KJ +QPTS C�UOV = with PW6YXZ+�[]\ , X^6Y_`Fba G and \c6ed ?Kf _`F C]gih X g .

Learning(viz. weightchange)takesplaceaccordingto anew learningrulechanging
theweightsin eachtime-stepby j^2 ; , with:j^2 ; 68kl1 ; 3nm kpoq- (2)

wherethe weightchangedependson thecorrelationbetween1 ; andthe derivative of
theoutput 3 (seeFig. 1B).



3 Performance

3.1 Goal

We stateour goal as:After learning,the outputunit shall producea well discernible
signal 3 (e.g.,of highamplitudeandsteeplyrising) in responseto theearliestoccurring
conditionedstimulus0�r sOtvuw- .
3.2 Analytical solution of the initial weight change

Similar to otherapproaches[9] we computethe initial developmentof the weightsas
soonas learningstarts,becausethis is indicative of the continuationof the learning
process.As usualwerequirethatall weightchangesoccuronamuchlongertimescale
(i.e., very slowly) ascomparedto thedecayof theoscillatoryresponses1 . This allows
usto treatthesystemin a steadystatecondition,thus, j^27xzy for j A x{y .

In orderto calculatethis weightchangewe will now introduceseveralrestrictions:
A) Theweightof theunconditionedstimulusis setto 2|4}6~- andkeptconstantthrough-
out learning.B) We will consideronly oneunit that canlearn,thus, *�6�- . C) Ac-
cordinglywe have to dealwith only two input functions 0 4 s$0 = andwe definethemas
(delayed)H -pulses:0 4 ?BADC 6�H ?BA +�� C sD�~u�y and 0 = ?�ADC 6�H ?�ADC . Theserestrictionswill
allow usto developthetheorybut canbewaivedin theendwithout affectingour basic
findings.

Becausewe assumesteady-state,we can rewrite the productin the learningrule
(Eq.2) asa correlationintegralbetweeninputandoutput:j^2 = ? � C 68k����4 1 = ? ��+'� C 3 m ? � CD� � (3)

Thevalueof � representsthedelaybetweenconditionalandunconditionalstimulus.In
orderto assureoptimal learningprogresswe must,therefore,determinethatparticular
value �b����� for which a maximalweightchangeis observed.Becausewe areinterested
in theinitial weightchange,we canassume2 = ?�ADC 6�y for

A 6�y . andEq.3 turnsinto:j^2 = ? � C � < 4 6�k�� �4 1 = ? ��+�� C 1 m4 ? � CD� � (4)

In orderto solve Eq. 4 we have to switch to the LAPLACE domainwhere
I ?OJ"C

is
thetransferfunctionof theresonatoreasdefinedearlier. We get:j^2 = ? � C � < 4 6Yk -f _ ��� �V � I = ? [O� C��Bh [O���L� ;�� I 4 ?]h [O� C��l� � (5)

we set � � 6�� P = � g +e� P 4 � g and � V 6�� P = � g h � P 4 � g andgetafter integrationwith the
methodof residues:j^2 = ? � C � < 4 6�k \ = � V����| "? \ = � C + ? X = � � + f X¡4¡� P = � g C� D¢¤£`? \ = � C

\ = ? � � + f X = X 4 + f \ = \ 4 CR? � � + f X = X 4 h�f \ = \ 4 C � V ��¥R¦ (6)



This resultis plottedin Fig. 1. If we assumeidenticalresonators/ 4 s@/ = , we have X 4 6X = 6�X and \ 4 6w\ = 68\ andEq.6 simplifiesto:j^2 = ? � C � < 4}6Yk -§ X�\  D¢¤£`? \
� C � V ¥�� (7)

This is simply theimpulseresponseof theresonatoritself. Thus,in thisspecialcasethe
learningcurvecanbetunedby thechoiceof acertainimpulseresponseof theresonator.
In otherwordsit is possibleto implementananalogtemporalHebb learningbehaviour
and treat this analytically. Beforeshowing simulationresultswe note that the above
obtainedanalyticalresultscanbeextendedto cover themostgeneralsystemstructure
asrepresentedin Fig. 1A. With Eq.1 transformedin theLAPLACE domainthelearning
rule turnsto: ¨ ?KJLC 6 9:r < 4 2�rR©^r ?KJLC I r ?OJLC (8)

j^2 ; 6 h k [K�f _ � � �V �
¨ ?]h [O� C@ª«;]? [K� CD� �%s (9)

whereEq. 9 is thegeneralform of Eq. 5. It shouldbenotedthat for all j^2 ; this inte-
gral canstill beevaluatedanalyticallyin thesameway asin thespecialcasewith two
resonatorsdiscussedabove.

3.3 Simulations

In orderto validatetheapproachseveralsimulationsof increasingcomplexity wereper-
formed.As theanalyticalsolutiontreatsonly theinitial learningstepwedeterminedthe
learningbehavior for

A¬Z¬ y with a sequenceof two H pulses0 = sD0�4 asinputs.Fig. 2A
shows thatat the initial learningsteptheoutputfunction 3 still coincideswith theun-
conditionedstimulusresponse1 4 . After 10repetitionsof thepulse-sequence(Fig.2 B),
theoutputfunctionhasshiftedforward to 1 = . This forwardshift canbe interpretedin
thesenseof classicalconditioning:afterlearningtheoutputsignal 3 predictstheoccur-
renceof 1 4 having beenconditionedby 1 = .

A sufficiently strongcorrelationoccursin this setuponly for a small temporaldif-
ferencebetweenthe input pulses.To improve on this onecanuseseveral resonators/ = sR®¤®�®¤s@/°¯ with differentfrequencieswhich will all receive input from theconditioning
stimulus 0 = , defining: � 4 6±��²D05r³6±0 = sD�°r´6�y for t)uµ- (Fig. 1A andEq. 8). In
Fig. 2 C-Ewe usefive resonatorsto represent0 = andshow theresultsafter10 learning
stepsfor increasinglylargerintervals � whichseparatetheinputpulses.Wenotethatin
all casestheoutputis a superpositionof thedifferentresonatoroutputsandthata well
discernibleearlysignalcomponentexists in responseto theconditioningstimulus 0 = .
This is dueto thefactthatin this setupthelearningprocesscanbeseenasa sequential
improvementof therising edgeat theonsetof theconditionedstimulus.

In thenext simulationwecopiedall conditionsfrom thelastsimulationbut replaced
the H -pulsesat 0 4 and 0 = by temporallyextendedsignals(Fig 2 F/G).Thiswasdoneto
show that the systemis ableto dealwith complex input signals.In an applicationthe
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Fig. 2. Simulationresults.Arbitrary timestepswereusedin thesimulations.Pulsesequenceswere
repeatedevery 100 time-steps,thefirst startingat zero.Resonatorswereimplementeddigitally
as IIR-filters, which leadsto a small onset-delayof 2 time-steps.They hadalwaysa value of¶ �Y� � �¸· . A,B) areobtainedwith two identicalresonators

� � � � � with: ¹¸�@º � � � � �"» . Theother
parameterswere ¼ �½��� � � and � �)¾ . A) Resultfor ¿ �½� , B) for ¿ �½»��"� . C-E) arecalculated
with six resonators,five(curvesof � � �¸�À�À�Á� ��Â ) receiving input from � � andone(curveof � � ) from� � . Resonatorparametersare: � ��� � � ��» , �DÃ �ÅÄ�ÆÃ ��Ç�È � , ¼ wassetto � � �"� . Resultsareshown
for ¿ �'»��"� . C) � �'! . D) � � � ! , E) � �'¾�! . F,G) have thesameconditionsasD) � � wasalso
a squarewave but � � wassineburst.

signal 0 4 (theunconditionedstimulus)couldbea light stimulusandthesignal 0 = (the
conditionedstimulus)a soundevent.After learningthe systemis againableto detect
thesineburstasthepredictorof thesquarepulse0 4 .
4 Discussion

Fromtheaboveresultsit canbededucedthatthesystemgeneralizeswithout problems
to moregenericinput combinations(e.g.morethantwo inputs).An importantfeature
of otheralgorithmsfor sequencelearningis thatafterconvergencetheoutputfunction
will approximatean “expectationpotential”, which is essentiallya rectangularfunc-
tion, startingat 0 = andendingat 0 4 (see[10], chapter10).This is thereason,why our
theorywasdevelopedusingresonators(band-passes),becausethey allow to compose
arbitraryshapesof 3 , suchasexpectationpotentials.We realize,however, that a pure
low-passcharacteristicwould alsosuffice to inducetemporallearning,which relates
our approachto thetheoryof adaptivefilters [11]. This helpsto understandthepredic-
tive propertiesof our system,becausefrom this context it is known that thederivative
of a low-passfiltered signalactsasa predictorof the signal [12]. However, adaptive
filters rely on the (graduallyshifting) self-similarity of a singlesignal - henceon its
auto-correlationproperties.Whereasour approachgainsits predictive power from the
cross-correlationpropertiesbetweentwo (or more)signalssuchasin biological clas-



sical conditioning.Therefore,we expectthat this approachwill alsoprove usefulin a
moretechnologicallyorientedcontext.
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