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Square-Root Sigma-Point Information Filtering
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Abstract—The sigma-point information filters employ a number of de-
terministic sigma-points to calculate the mean and covariance of a random
variable which undergoes a nonlinear transformation. These sigma-points
can be generated by the unscented transform or Stirling’s interpolation,
which corresponds to the unscented information filter (UIF) and the cen-
tral difference information filter (CDIF) respectively. In this technical note,
we develop the square-root extensions of UIF and CDIF, which have better
numerical properties than the original versions, e.g., improved numerical
accuracy, double order precision and preservation of symmetry. We also
show that the square-root unscented information filter (SRUIF) might lose
the positive-definiteness due to the negative Cholesky update, whereas the
square-root central difference information filter (SRCDIF) has only posi-
tive Cholesky update. Therefore, the SRCDIF is preferable to the SRUIF
concerning the numerical stability.

Index Terms—Central difference information filter, multiple sensor fu-
sion, nonlinear estimation, sigma-point filter, square-root filter, unscented
information filter.

I. INTRODUCTION

The information filter for nonlinear systems comprises two
stages—prediction and update [1], [2]. The state and measurement
prediction can be implemented by using finite-sample approximation
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techniques. For update, the existing nonlinear IF needs the so-called
pseudomeasurement matrix Hj [2]. In essence, H; is the optimal
statistical linearization of the nonlinear measurement function in the
sense of minimizing the fitting error. This method is also referred to
as statistical linear regression [3]. This is the fundamental explanation
or derivation for the existing nonlinear information filter framework.
Therefore, any finite-sample approximation techniques can be used
in the prediction part of nonlinear information filter, such as the un-
scented transform [4] and Stirling s interpolation [5]. In the literature,
the unscented transform based unscented information filter (UIF)
has been proposed by Kim et al. [1] and Lee [2]. On the other hand,
the Stirling’s interpolation based central difference information filter
(CDIF) has been proposed by Liu [6]. Since both UIF and CDIF use a
number of sigma-points to approximate the true mean and covariance
[7], they can be called sigma-points information filters (SPIFs). The
SPIFs requires the square-root of the covariance to calculate the
sigma-points, so that the covariance matrix has to be symmetric and
positive definite. As shown in [8], these two properties might be lost
due to errors introduced by arithmetic operations performed on finite
word-length digital computers, or ill-conditioned nonlinear filtering
problems, i.e., near perfect measurements.

In this technical note, we propose to use square-root forms for both
UIF and CDIF, which have shown improved numerical characteris-
tics compared to their regular forms. Here we call them square-root
unscented information filter (SRUIF) and square-root central differ-
ence information filter (SRCDIF) respectively. The square-root filters
predict and update the square-root covariance instead of the full co-
variance. In this way, the square-root filters achieve better numerical
characteristics than the regular ones, e.g., improved numerical accu-
racy, double order precision and preservation of symmetry [8]. The
first square-root filter was developed by Potter [9] and was used in the
Apollo manned mission [10]. Since then, many square-root extensions
of conventional filters have been introduced and analyzed. Our work
was inspired by Van der Merwe [11] who proposed square-root forms
of sigma-point Kalman filters. Here we introduce the square-root ex-
tensions of UIF and CDIF and their numerical advantages for solving
nonlinear state estimation.

This technical note is organized as follows. First, we briefly review
the CDIF algorithm for nonlinear estimation in Section II, and then
we introduce the SRCDIF and SRUIF in Section III and Section IV,
respectively. Simulation results of a reentry vehicle tracking problem
are presented and discussed in Section V. Finally, the work is concluded
in Section VI.

II. CENTRAL DIFFERENCE INFORMATION FILTER

The CDIF employs Stirling’s interpolation to generate the sigma-
points, which can be further used to estimate the mean and covariance
of the system state. In general, the CDIF algorithm includes two steps:
prediction and measurement update which are described below. In case
of multiple sensors, a global information fusion form of the measure-
ment update can be derived [6].

A. Prediction

Here we consider the discrete-time nonlinear dynamic system

xp = Fep_1.v) (1)

where 2 is the state vector of the system at time step &, and v ~
AN (7, R,) is Gaussian noise.
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First, the state vector is augmented with the noise variable and the
corresponding augmented covariance matrix is derived by
P._1 0

2% Tg—1 gy
O P L R
A symmetric set of 2L + 1 sigma points is generated
ey, i=0
s e+ (P
R 7A-1+( k=1
a0y, - (h,/Pfﬁl)[_ ,

where h is a scaling parameter and L is the dimension of the state x> | .
The subscript z indicates the ¢, column of the matrix. Each sigma point
Afr_ | contains the state and noise variable components

ey ‘1"1./(—1
Ve ',v l: = ll’ . 4
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These sigma points are further passed through the nonlinear function
(1), such that the predicted sigma points for the discrete time k are
derived as

i=1,---.L 3)
i=L+1,---,2L

Xy = F (‘Y';:k—l-, "1’;1,7/;-—1) - 5

Finally, the first two moments of the predicted state vector are obtained
by the weighted sum of the transformed sigma points:

2L

b= w! X (6)
i=0
I 7.
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where a; = ATpor — AL - and 30 = AT +

X5 1 k-1 — 24 kjk—1- The corresponding weights for the mean
and covariance are defined as

m R =L

'u:((] ) = ! 5
h?

; '(777) _ 1
w; =557
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ey A7 —1
wl = ‘4}74 i=1,+-,2L (®)

where /1 > 1 is the scalar central difference step size. If the random
variables obey a Gaussian distribution, the optimal value of 4 is v/3
[11].

As stated in [12], the information matrix and information vector are
the dual of the mean and covariance, so that the predicted information
matrix Y; and the information vector §r are derived as

>

e )
P (10)

~,

EaE
1l
N ke

B. Measurement Update

The measurement function of the nonlinear system is defined as
zie = H{wg) +n an

where z;, is the measurement and n ~ A'(7, B,,) is the Gaussian noise
of the measurement.
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The sigma points used for the measurement update are derived as:
ks 1=0

A+(h\/157.) i=1...-.L

i’ (12)

fk—(lz,\/?k) L i=L4+1,---.2L

7

z
. 7
s pjp—r =

The predicted measurement points are obtained by transforming the
sigma points through (11)

Ziplh—t = HX ppem ). (13)
Furthermore, the mean and cross-covariance are derived by
2L
Ge= ) el Ziggi (14)
=0
Pryop =\ P(Z1n — Zrp0n)T (15)

Finally, the measurement update of the information vector and the
information matrix are derived as

(16)
amn

where ¢ and ®}, are information contribution terms for the informa-
tion vector and matrix respectively, which can be derived by

b =ViPro Ry (2 — 2+ PL i)

YL =4 + On
Yi = Y5 + &«

(18)

~ o~ ~ T . .
By, =ViD,,., R (P) (3" (19)

The derivation of (18) and (19) is given in [1] and [2].

C. Global Information Fusion

For multiple sensor fusion, if the measurement noises between the
sensors are uncorrelated, the measurement update for information fu-
sion is simply expressed as a linear combination of the local informa-
tion contribution terms [13]:

N

Y =Yr + Z ik (20)
i=1
N

Ve =Y +Z(I)i,,k 2D

where N is the number of sensors. (20) and (21) show the main ad-
vantage of the information filters, which is the efficient measurement
update. This superiority makes information filters more suitable for
multiple sensor fusion than the Kalman filters. Note that the informa-
tion matrix Y% is the inverse of the covariance matrix P as shown in
(10). When there is no prior information concerning the initial state, the
Kalman filters have difficulties to cope with this situation since Py, is
infinite. However, the information filters can deal with this special sit-
uation well, because Y3 = ()™ = 0. Other comparisons between
information filters and Kalman filters can be found in [12].

III. SQUARE-ROOT CENTRAL DIFFERENCE INFORMATION FILTER

The CDIF requires the square-root of the covariance to calculate the
sigma-points in each discrete time update and measurement update, as
shown in (3) and (12). The square-root operation is computationally
expensive and demands that the covariance matrix must be positive
semi-definite. To avoid the square-root operation and improve the nu-
merical stability, we introduce the square-root central difference infor-
mation filter (SRCDIF).
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The square root form has important numerical advantages over the
regular one: First, since the square-root of the covariance matrix is di-
rectly available, the SRCDIF saves computational cost for generating
the sigma-points. Second, the numerical accuracy is improved because
the condition number of the square root of the covariance matrix is only
half of the covariance matrix [12]. Third, the square-root filters can
achieve twice the effective precision of the regular forms [14]. Fourth,
the symmetry and nonnegative properties of the covariance matrix are
kept [12].

A. SRCDIF for State Estimation

The SRCDIF benefits from three powerful matrix factorization tech-
niques: QR decomposition, Cholesky factor update and efficient least
squares. In the following, we will use gr, chol, cholupdate to refer to
the QR decomposition, Cholesky decomposition, and Cholesky factor
update, respectively.

Algorithm 1 SRCDIF for state estimation

* Initialization:
z0 = E(x), Sco = chol {E((
and S, = V/Bn.

e Fork=1,---.x
1) Generate sigma points for prediction:

)1',)}, S‘u - \/R_u

z—xo)(r — 0

an L1 aw Sf‘k—l 0
Lp_1 = { T }-, Sptiy = { 0 S, (22)
Xgv, = [;L‘Z”_l agt RS, wlt, — hSZil] . (23
2) Prediction equations:
ey = F (X1, Xy uiy) (24)
oL
‘i;‘ = Z’LL7E7n)4Y‘,f](|](,| (25)
+=0
A= 'wg”) (‘l)iIZT,,Av|A:—1 - ‘Yifﬁ-l;zr,,ku»—l) (26)
B =/w{* (X0 L kphmt + XL 108 kpk—1
~2¢ 1) @7
S, = {[A BI} (28)
=550 (80 ) (29)
S, =ar {S5'1}. (30)
3) Generate sigma points for measurement update:
Xy = [;z-k P+ hSe, Er— hS}k] . 31
4) Measurement update equations:
Zpph—1 = H(Xypp—1) (32)
2,
ik = Z'I‘/’S’”)Zuku—l (33)
(=0
Popey =V S0 Zir i1 = Ziqrznap—]” (G4
U=5:" (37; P,,) st (35)
=i+ UST (= 5+ Pl i) (36)
Sy, = cholupdate {S k,l7,+} . 37
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OR decomposition. In the CDIF, the square-root of the covari-
ance matrix S is derived by Cholesky decomposition on I: § =
chol(P)* where S is a lower triangular matrix and fulfills P =
SST If we know P = AAT | the square-root factor S can be di-
rectly calculated from A by OR decomposition: S = qr(A)7 . If
the matrix A € R™*™ then the computational complexity of a
OR decomposition is O(N L*)

» Cholesky factor update. If the original update of the covariance
matrix is > £ wu’ and S is the Cholesky factor, then the rank
1 update of S is S = cholupdate(S, u, x) where u is the up-
date vector and £ means the positive (4) or negative (—) up-
date. The positive update is usually numerical stable, but the neg-
ative update may destroy the positive definite property of 5 [14],
[15]. If w is a matrix, we can update each column of « one by one
in a loop. For each column vector, the computational complexity
is O(L?). This procedure can alternatively be implemented as
S = qr([S %+ u]") using OR decomposition without the loop
updates.

» Efficient least squares. The least-squares solution for the linear
equation I’z = b can be solved efficiently using forward and back
substitution if the Cholesky factor S is known and satisfies I’ =
S5ST . For example, we can solve the linear equation Pz = b by
# = 577(57"'b). This operation has computational complexity
O(LY).

The whole process is shown in Algorithm 1, where A is the scaling
parameter, L is the dimension of the state, [?,, and I?,, are the process
noise covariance and observation noise covariance, respectively, w( ")
and uJE ) are weights calculated in (8), and ! is the identity matrix.

In the prediction step, the Cholesky factor S, . is updated using OR
decomposition on the weighted sigma points. This step replaces the e
update in (7) and has the complex1ty O(L*). The information vector
gr = Pf'.z o S (5 &1, ) is derived using efficient least squares
in (29). Because S, . 1s a square and triangular matrix, we can directly
use back-substitution for solving . without the need for matrix inver-
sion. The back substitution only requires O( L?). Nextis the calculation
of the square-root information matrix 5,, , in (30). This step requires a
OR decomposition since S 4i. 18 a upper trlangular matrix and S, L isa
lower triangular matrix. Sy, and S, meet 5”5 = S S_1 To
avoid the inversion, here we use efficient least squares to solve S
SM I, where I is the identity matrix.

In the measurement update step, the updated information vector in
(36) is derived from (16) as follows:

Yo =0k +Yi Py Ry (fk_£k+pz7;cykgk)
2171«-1-15{115,»,9%3;1 (/Zk_£k+P£zk37k)
=it (80081, ) Py (SuST) - (s =2+ P i)
—W-I-Slk (5”1 e = ,\)Sn S5t (:k.—,ék--l-ézkzkﬁk)

— U ST (,zk—/szrPIk;kgk) (38)

where U = S_T (5 lPlk k) ST as shown in (35). Since S, and
S,, are square and triangular matrices, y. can be calulated using effi-

cient least squares without the matrix inverse. The updated information
matrix in (17) can be rewritten as

v, =V, oo —1 (£ T o7
k k+1k‘ka;kRn kazk (l/\)

=Yy + i Py, ., 57757 (ﬁﬁw,v)T
=Vi +ViPs, ., S0 (hplk ST T)T

=YV, + U7, (39
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Because 51, . 1s the Cholesky factor of the information matrix V%, the
updated Cholesky factor S, of Y7, can be derived using the Cholesky
update. If the observation dimension is 3/, the updated square-root in-
formation matrix .Sy, is calculated in (37) by applying an M -sequential
Cholesky update to SU .- The columns of matrix [ are update vectors.
This sequential Cholesky update only requires O(L? M).

B. Square-Root CDIF for Multiple Sensor Fusion

In the case where information from multiple sensors is available,
i.e., V > 1, we can fuse this using the Square-Root CDIF. For the i,
sensor, the information contribution for the information vector is

din =US," (5k — &+ P:k;kﬁk)

where U is defined in (35). The information contribution for the square-
root information matrix is

(40)

Sie, =U. 41)
The final estimated result is derived by:
N
Yr =0k + Z ik (42)
=0
Sy, =cholupdate {Syk, [Sier S2.65 - SN, .+} .43
IV. SQUARE-ROOT UNSCENTED INFORMATION FILTER
Algorithm 2 SRUIF for state estimation
* Initialization:
zo = E(x), Spo = chol {E((x — xo)(x —20))}, S = VR.,
and S, = VIR...
e Fork=1,--+ c0:
1) Generate sigma points for prediction:
ay Lh—1 Qg 51' L O
Lr—1 = { T } SL~—I:|: 6 ! SJ (44)
Al = [t ARt S wn - S (49)
2) Prediction equations:
Xipor = F (X0 X we—1) (46)
2L
iﬁk = Z LL (m ”.'le“'ll"*' (47)
i=0
5]:/0 =qr {\/ wgr) ((T\;’iz:gr”k““7| - }:],)} (48)
C =\ wt? (X = 1) (49)
SM =cholupdate {Sw C, sign {u'( V)}} (50)
ge =55 (50)4) (51)
S =ar {851} (52)
3) Generate sigma points for measurement update:
(Y;,“‘,._l = |::f?k ;’k + A?/S-Tk; ‘;ﬁk - ’)”S‘T,k; (53)
4) Measurement update equations:
Zipp—y = H( X 1) (54)
2L ;
ik = Zw,(m’)zi‘ﬂk—l (55)
2= [z 217
Z w,” [Xiwp—1 — 25 ] [Zinpor — 2] (56)

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 57, NO. 11, NOVEMBER 2012

U=55" (550 Py ) ST (57)
ge =g+ UST (50— 2+ PLL k) (s8)
Sy, = cholupdate { } . (59)

In this section we consider the square-root implementation of the
UIF. Because the UIF uses the unscented transform to calculate the
sigma points, the architecture of the Square-Root unscented informa-
tion filter (SRUIF) has few differences from the SRCDIF. As men-
tioned in Section 111, the main techniques behind the square-root form
estimators are: OR decomposition, Cholesky factor update and efficient
least squares. We show how to use these in the SRUIF in the following.

The SRUITF is shown in Algorithm 2, where v = /(A + L) in (45)
is the composite scaling parameter, A\ = o*(L + ) — L, o and »
are scaling parameters that determine how far the sigma points spread
from the mean value [11], L is the dimension of the state, R, and R,
are process noise covariance and observation n01se covariance respec-
tively, UJ( " and u'( ? are weights calculated by wg* = A/L+ X\, w§ =
A L+N+ (1= +3),w” =wf=1/2(L+ /\) i=1,---,2L,
and sign{ } in (50) is the signum function.

We compare the SRUIF in Algorithm 2 to the SRCDIF in Algo-
rithm 1. First, the SRUIF uses the unscented transform to calculate the
sigma points in (45) and (53), where the scaling parameter becomes
v = +/(A+L)and A = o?(L 4+ &) — L. In contrast to only one
scaling parameter % used in the SRCDIF, the SRUIF depends on three
parameters A, o and . Second, since the weight wo mlght be nega-
tive, we need an additional cholupdate to update the Cholesky factor
Sﬂ% in (50), whereas the SRCDIF does not need this step since all
weights used for the covariance update are positive. As we mentioned
in Section I1I-A, the negative update might destroy the positive definite
property of the Cholesky factor, such that the SRCDIF is preferable
to the SRUIF concerning the numerical stability. Finally, for multiple
sensor fusion, the SRUIF is equivalent to the SRCDIF in (42) and (43).

V. EXPERIMENTS

In this paper, two individual experiments are demonstrated. The first
experiment uses a normal noisy measurement to show the performance
and computational cost of the proposed filters. In contrast, the second
experiment utilizes a near perfect measurement to illustrate the im-
proved numerical characteristics of the proposed square-root filters.
Here we consider a classic space-vehicle reentry tracking problem: a
high speed vehicle is tracked by radars located on the surface of the
earth as shown in Fig. 1(a). The state vector of the filter consists of the
position (x and x2), the velocity (x3 and x4 ) and a parameter related
to the aerodynamic force (xs). As described in [4], [16], the vehicle
state dynamics for the discrete case are given by

w1k 4+ 1) =a1 (k) + Aty (k)

k4 1) =ax2(k) + Atea(k)

k4+1) =x3(k) + At (D(k)xs (k) + GR)x (k) + wi (k)
E4+ 1) =aq(k)+ At (D(k)xa(k) + GR)aa (k) + wa (k)
zs(k + 1) = z5(k) + Atws (k) (60)

2(
z3(
.774(
(
where w1 (k), w2 (k). ws (k) are Gaussian process noises, D(%) is the
drag-related force, G(k%) is the gravity-related force, and At = 0.1 s
is the sampling time. The force terms are given by

D(k) = 8V (Byeap {RO_—R(M}

H,

Gimg

R3(

G(k) = —



