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Abstract

In this theoretical contribution we provide mathematicadgd that two of the

most important classes of network learning - correlatiasdal differential Heb-
bian learning and reward-based temporal difference lagrnare asymptotically
equivalent when timing the learning with a local modulatsignal. This opens the
opportunity to consistently reformulate most of the alittrainforcement learn-
ing framework from a correlation based perspective thatdeenslosely related to
the biophysics of neurons.

1 Introduction

The goal of this study is to prove that the most influentiahfoof reinforcement learning (RL)
[1], which relies on the temporal difference (TD) learninggr[2], is equivalent to correlation based
learning (Hebb, CL) which is convergent over wide parameteges when using a local third factor,
as a gating signal, together with a differential Hebbian keatian of CL.

Recently there have been several contributions towardsngpothe question of equivalence of dif-
ferent rules [3, 4, 5], which presented specific solutionsgaliscussed later (see section 4). Thus,
there is more and more evidence emerging that Hebbian tepamd reinforcement learning can
be brought together under a more unifying framework. Suckauivalence would have substan-
tial influence on our understanding of network learning as¢htwo types of learning could be
interchanged under these conditions.

The idea of differential Hebbian learning was first used bgKI[6] to describe classical condi-
tioning relating to the stimulus substitution model of 8atf7]. One of its most important features
is the implicit introduction of negative weight changes Q)T which leads to intrinsic stabilization
properties in networks. Earlier approaches had to explicitroduce negative weight changes into
the learning rule, e.g. by ways of a threshold [8].

One drawback of reinforcement learning algorithms, likeperal difference learning, is their use
of discrete time and discrete non-overlapping states. dhmeural systems, time is continuous and
the state space can only be represented by the activity ebngumany of which will be active at
the same time and for the same "space”. This creates a rathi@nuous state space representation
in real systems. In order to allow for overlapping statesoorgeneralizing over a wider range of
input regions, RL algorihtms are usually extended by valuetfion approximation methods [1].



However, while biologically more realistic [9], this makastially elegant RL algorithms often
quite opague and convergence can many times not be guatangmore [10]. Here we are not
concerned with function approximation, but instead adsities question of how to transform an RL
algorithm (TD-learning) to continuous time using diffetiah Hebbian learning with a local third
factor and remaining fully compatible with neuronally pdéle operations.

Biophysical considerations about how such a third factghthibe implemented in real neural tissue
are of secondary importance for this study. At this stageneeancerned with a formal proof only.

1.1 Emulating RL by Temporal Difference Learning

Reinforcement learning maximizes the rewards) an agent will receive in the future when fol-
lowing a policyr traveling along states. The returnR is defined as the sum of the future rewards:
R(s;) = Y., ¥*r(si+x+1), where future rewards are discounted by a faéter v < 1. One cen-

tral goal of RL is to determine the valué¥s) for each state given by the average expected return
E™{R}, that can be obtained when following poliay Many algorithms exist to determine the
values, almost all of which rely on the temporal differen€®) learning rule (Eq. 1) [2].

Every time the agent encounters a stateit updates the valu&(s;) with the discounted value
V(s;+1) and the rewarda(s;,1) of the next state that is associated with the consecutite sta; :

V(si) = (1 —a)V(si) + a(r(sit1) + 7V (siv1)) 1)
whereq is the learning rate. This rule is called TDE 0), short TD(0), as it only evaluates adjacent
states. For values of # 0 more of the recently visited states are used for value-fanatpdate.

TD(0) is by far the most influential RL learning rule as it i thimplest way to assure optimality of
learning [11, 1].

1.2 Differential Hebbian learning with a local third factor

In traditional Hebbian learning, the change of a wejgltglies on the correlation between inpu{t)
and outpub(t) of a neurony’(t) = &-u(t)-v(t), wherea is the learning rate and prime denotes the
temporal derivative. If we consider tishange of the post-synaptic signal and, therefore, replae¢g
with v’(t), we will arrive at differential Hebbian learning. Then, @isegative weight changes are
possible and this yields properties similar to experimem¢airophysiological observations (spike-
timing dependent plasticity, [12]).

In order to achieve the equivalence (see section 4 for a shgmn) we additionally introduce a local
third modulatory factoiMy,(t) responsible for controlling the learning [13]. Here locatans that

each inputu(t) controls a separate third factdf(¢) which in turn modulates only the weight
change of the corresponding weight(t). The local three-factor differential-Hebbian learningeru

is then:
pr(t) = & ui(t) ' (t) - Mi(t) )
whereuy(t) is the considered pre-synaptic signal and
u(t) = an(t)u"(t) 3)

the post-synaptic activity of a model neuron with weightst). We will assume in the following
that our modulatory signal/;(¢) is eitherl or 0, thus represented by a step function.

2 Analytical derivation

We are going to analyze the weight change of wejght) when considering two consecutive signals
u;(t) andu, 41 (¢) with the index: representing a temporal (and not e.g. a spatial) orderifg T
local third factorM;(t) opens a time window for its corresponding weightt) in which changes
can occur. Although this time window could be located anywhdepending on the input;(¢) it
should be placed at the end of the stat&) as it makes only sense if states correlate with their
SUCCEeSSOr.

The relation between stat¢t) and inputu(t) is determined by a convolutioni(t) = [ s(z)h(t—
z)dz with filter function h(¢) which are identical for all states. As we are using only stétat are



either on or off during a visiting duratiofi, the input functions.(¢) do not differ between states.
Therefore we will use;(t) (with index:) having a particular state in mind andt) (without index
1) when pointing to functional development.

Furthermore we define the time period between the end of@ssta} and the beginning of the next
states;+1(t) asT (T' < 0 in case of overlapping states). Concerning the modulaturg factor
M;(t) we define its length ak, and the time period between beginningdf(¢) and the end of the
corresponding state (¢) asO. These four parameter§ (O, T, andSS) are constant over states and
are displayed in detail in fig. 1 B.

2.1 Analysis of the differential equation

For the following analysis we need to substitute Eq. 3 in Egn& solve this differential equation
which consists of a homogeneous and an inhomogeneous part:

Ph(t) = a - M;(t) - s (8)[wi(t) - ps(£)) + & - Mi(t) - s (£)[ D uj(t) - pi (1)) 4)
J#i
where the modulatab/; (¢) is defining the integration boundaries. The first summandsles to the
homogeneous solution which we will define as auto-cormtgif(¢). The second summand(s) on

the other hand will lead to the inhomogeneous solution aisdvil will define as cross-correlation
p°c(t). Together we have(t) = pc(t) + p°(t).

In general the overall change of the weightt) after integrating over the visiting duration of(t)
ands; 41 (t) and using the modulatory signdl; (¢) is: Ap; =: A; = A 4 Ase

Without restrictions, we can now limit further analysis @f.H, in particular of the cross-correlation
term, to the case gf = i + 1 as the modulatory factor only effects the weight of the follg state.

Since weight changes are in general slow, we can assumeiasmmsprocessfé < Z— a — 0).
As a consequence, the derivativesafn the right hand side of Eq. 4 can be neglected.

The solution of the auto-correlatigii©(¢) is then in general:
ac ac &M (t)-2[u?(t)—u?
pEe(t) = pi(to)e M (8)-5 [ug () —ui (t0)] (5)

and the overall weight change with the third factor beingspre betweert = O + S andt =
O + S + L (fig. 1 B) is therefore:

A?C _ pi(eﬁc%[u?(OJrSJrL)fu?(OﬁLS)] _ 1) (6)

Using again the argument of a quasi-static procéss:(0), we can expand the exponential function
to the first order:

1
Af = —apig[ui(0+5) —ui(0+ S+ L)+ o(a) )
= —apik ®)
where we have definedin the following way:
K(IL,0.8) = L[2(0+8) ~ w0+ 5+ L)+ 0(@) (©)

which is independent afsince we assume all state signals as identical.

Next we investigate the cross-correlatjgti(¢) again under the assumption of a quasi-static process.
This leads us to:

i
() = 655 (1) + Apins | M) ui(a)ul () (10)
0
which yields assuming a time shift between signalandu,,, of S+T,i.e. u;(t—S—T) = u;11(t)
an overall weight change of

O+S+L
A% = Gpsy / w2l (z — S — T)dz = &pia7 (1)
O+S



whereas the third factor was being present betweenO + S andt = O + S + L (fig. 1 B).
Additionally we defined- as follows:
O+L-T
7(L,0,T,S) = / w(z+ S+ T)u'(2)dz (12)
o-T
which, too, is independent of

Both r andx depend on the actually used signal shafyg and the values for the parametérsO,
T andS.

2.2 Analysis of the network

After the analysis of the auto- and cross-correlation of £gue are going to discuss the weight
changes in a network context with a reward only at the terhsitede (non-terminal reward states
will be discussed in section 4). Without restrictions, wa tmit this discussion to the situation in
Fig. 1 A where we have one intermediate state transitiom(fpto s; 1) and a final one (from;

to sg) which yields a reward. The weight associated with the rdveiatesy is set to a constant
value unequal to zero.

Therefore three-factor differential Hebbian will influentwo synaptic connections andp;,; of
statess; ands; 1 respectively, which directly project onto neuron

Fig. 1 B shows a realistic situation of state transitionsgilegithe old state; _; and entering the new
states; and so on. The signals as such could be considered as memvbitages or firing rates of
neurons.
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Figure 1. The setup is shown in panel A and the signal stradiumpanel B. (A) Three states,
including the rewarded state, converge on the neuron wiiainmé according to Eq. 2. Each state
s; controls the occurrence of the modulatory facidy which in turn will influence learning at
synapse;. The states will be active according to the direction arrow. (B) The lovpart shows
the statess; which have a duration of length. We assume that the duration for the transition
between two states 5. In the middle the output and the signals are depicted. Here is given

by u(t) = [ (e=*(=2) — ¢=b(t=2)) 42 The third factor)M, is released for the duratioh after

a time delay ofO and is shown in the upper part. For each state the weight ehseyarated into
auto-correlationA*¢ and cross-correlatiot\“® and their dependence on the weights according to
Eq. 7 and 11 are indicated.

We will start our considerations with the weight change,ofvhich is only influenced by the visiting
states; itself and by the transition betweepands, 1. The weight changé¢¢ caused by the auto-
correlation ¢, with itself) is governed by the weight; of states; (see Eqg. 8) and is negative as the
signalu; at the the end of the state decaysig positive, though, because we factorized a minus
sign from EqQ. 6 to Eq 7). The cross-correlatiak{(), however, is proportional to the weigpt,,

of the following states; . ; (see Eq. 11) and is positive because the positive derivafitke next
state signali; 1, correlates with the signal; of states;. According to these considerations the
contributions for theA;, ;-values can be discussed in an identical way for the follgveequence
(8i+1, SR)-



In general the weight after a single trial is the sum of thevedight p; with the twoA-values:
pi — pi + AP+ AF° (13)
Using Eq. 8 and Eqg. 11 we can reformulate Eqg. 13 into
pi = pi— QK pit+ QT pigy (14)
Substitutingy = & - k andy = 7/k we get
pi— (L—a)-pita v pin (15)

At this point we can make the transition from weights(differential Hebbian learning) to states
V(s;) (temporal difference learning). Additionally we note tsagjuences only terminatedat 1,
thus this index will capture the reward stajgand its value-(s; 1), while this is not the case for all
other indices (see section 4 for a detail discussion of ré@svat non-terminal states). Consequently
this gives us an equation almost identical to Eq 1.:

V(si) = (1= a)V(si) + a-ylr(sitr) + V(sita)] (16)

where one small difference arises as in Eq. 16 the rewardaleddy~. However, this has no
influence as numerical reward values are arbitrary. Thusaihing follows this third factor dif-
ferential Hebbian rule, weights will converge to the optimstimated TD-values. This proves that,
under some conditions ferandr (see below), TD(0) and the here proposed three factor diitel
Hebbian learning are indeed asymptotically equivalent.

2.3 Analysis ofx and

Here we will take a closer look at the signal shape and thenpatexs (., O, T" and S) which
influence the values of (Eq. 9) andr (Eq. 12) and thereforg = 7/x. For guaranteed convergence
these values are constraint by two conditions; 0 andx > 0 (wherex = 0 is allowed in case of

7 = 0), which come from Eqg. 14. A non-positive valueofould lead to divergent weighisand a
negative value of to oscillating weight pairsg;, p;+1). However even if fulfilled, these conditions
will not always lead to meaningful weight developments. rAialue of O leaves all weights at
their initial weight value and discount factors, which agpresented by-values exceeding 1, are
usually not considered in reinforcement learning [1]. Tihusakes sense to introduce more rigorous
conditions and demand that< v < 1 andx > 0.

2P/3

2

Figure 2: Shown are-values dependent on the ratity P and 7T’/ P for three different values of
L/P (1/3, 2/3, and4/3). Here P is the length of the rising as well as the falling phase. The
shape of the signal is given byu(t) = fOS(e—“(t—Z) — e~ 2(t=2)) 4z with parameters, = 0.006
andb = 0.066. The individual figures are subdivided into a patterned areare the weights will
diverge ¢ = 0, see Eq.7), a striped area where no overlap between bothlsigmd the third factor
exists and into a white area that consists-afalues which, however, are beyond a meaningful range
(v > 1). The detailed gray shading representalues ( < ~ < 1) for which convergence is
fulfilled.



Furthermore, as these conditions depend on the signal shegfellowing theoretical considerations
need to be guided by biophysics. Hence, we will discuss malisoplausible signals that can arise
at a synapse. This constraingo functions that posses only one maximum and divide theasign
into a rising and a falling phase.

One quite general possibility for the shape of the signialthe function used in Fig. 1 for which we
investigate the area of convergence. As we have three (wetdwene to consider the parameter

if we take this value to be large comparedd, L or O) parameters to be varied, Fig. 2 shows the
~-value in 3 different panels. In each panel we varied therpatarsO and7" from minus to plus

2 P whereP is the time the signal needs to reach the maximum. In each of the panels we plot
~-values for a particular value df.

Regardingx the condition formed by Eq. 9 for the shape of the sign@) is in general already
fulfilled by using neuronally plausible signals and thedHictor at the end of each state. As the
signals start to decay after the end of a state vigif) + S) is always larger than(O + S + L)
and therefores > 0. Only if the third factor is shifted (due to the parametersee fig. 1 B for
more details) to regions of the signailvhere the decay has not yet startéd<€ — L) or has already
ended Q > P) the difference ofi(O + S) andu(O + S+ L) is 0 which leads using Eq. 9 to= 0.
This is indicated by the patterned area in fig. 2.

A gray shading displays in detail thevalues for which the condition is fulfilled, whereas whiép¥
resents those areas for which we recejve 1. The striped area indicates parameter configurations
for which no overlap between two consecutive signals andhine factor exist ¢ = 0).

The different frames show clearly that the area of convargethanges only gradually and the
area as such is increasing with increasing duration of tird factor. Altogether it shows that
for a general neuronally plausible signal shapbe condition for asymptotic equivalence between
temporal difference learning and differential Hebbianrtéag with a local third factor is fulfilled
for a wide parameter range.

3 Simulation of a small network

In this section we show that we can reproduce the behaviobeliegrning in a small linear network
with two terminal states. This is done with a network of newgrdesigned according to our algorithm
with a local third factor. Obtained weights of the differa@htHebbian learning neuron represent
the corresponding TD-value (see fig. 3 A). It is known that itinaar TD-learning system with
two terminal states (one is rewarded, the other not) andvalue close tdl, values at the end of
learning will represent the probability of reaching the aegvstate starting at the corresponding state
(compare [1]). This is shown, including the weight devel@mtyin panel (B).
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Figure 3: The linear state arrangement and the networktenthie is shown in panel A. The cor-
responding weights after a typical experiment are depict@anel B. The lines represent the mean
of the last2000 weight-values of each state and are distributed uniforiedynpare [1]). The signal
shape is given by.(t) = fos(e*“(“z) — e?(t=2)) dz with parameters = 0.006 andb = 0.066.
Furthermore i) = 1/20 P, L = P, T = 0 (which yieldsy ~ 1), N =9, and&a = 0.01.



4 Discussion

The TD-rule has become the most influential algorithm infaetement learning, because of its
tremendous simplicity and proven convergence to the optiadae function [1]. It had been suc-
cessfully transferred to control problems, too, in the faf®@- or SARSA learning [14, 15], which
use the same algorithmic structure, while maintaininglsinsidvantageous mathematical properties
[14].

In this study we have shown that TD(0)-learning and difféedrHebbian learning modulated by
a local third factor are equivalent under certain condgioffhis proof relies only on commonly
applicable, fairly general assumptions, thus renderingreegic result not constraining the design of
larger networks. However, in which way the timing of the ¢hiactor is implemented in networks
will be an important issue when constructing such networks.

Several earlier results have pointed to the possibilitynogéquivalence between RL and CL. Izhike-
vich [3] solved the distal reward problem using a spikingnaénetwork, yet with fixed exponential
functions [16] to emulate differential Hebbian characties. His approach is related to neurophys-
iologically findings on spike-timing dependent plastif§TDP, [12]). Each synapse learned the
correlation between conditioned stimuli and unconditibsémuli (e.g. a reward) through STDP
and a third signal. Furthermore Roberts [4] showed that ésgtnmetrical STDP and temporal
difference learning are related. In our differential Hetsbiearning model, in contrast to the work
described above, STDP emerges automatically because aséhef the derivative in the postsy-
naptic potential (Eg. 2). Rao and Sejnowski [17] showed tisittg the temporal difference will
directly lead to STDP, but they could not provide a rigorotsof for the equivalence. Recently, it
has been shown that the online policy-gradient RL-algorif@LPOMDP, [18]) can be emulated
by spike timing dependent plasticity [5], however, in a céempvay using a global reward signal.
On the other hand, the observations reported here provia¢harrsimple, equivalent correlation
based implementation of TD and support the importance egtfactor learning for providing a link
between conventional Hebbian approaches and reinfordde@ning.

In most physiological experiments [19, 20, 21] the rewardii®@n at the end of the stimulus se-
guence. Our assumption that the reward state is a terminsttite and is therefore only at the end
of the learning sequence conforms, thus, to this paradigoweler, for TD in general we cannot
assume that the reward is only provided at the end. DiffeakHebbian learning will then lead to

a slightly different solution compared to TD-learning. §Bblution has already been discussed in a
another context [22]. Specifically, the difference in owses the final result for the state-value after
convergence for states that provide a reward: W&/dey — vV (s;41)+7(si+1) —7(s;) compared

to TD learning:V(s) — vV (s;+1) + r(s:+1). It would be interesting to assess with physiological
and or behavioral experiments, which of the two equatiors doore closely represent experimental
reality.

Our results rely in a fundamental way on the third facdify; and the analysis performed in this study
indicates that the third factor is necessary for the entadf TD-learning by a differential Hebb
rule. To explain the reason for this requires a closer logkattemporal difference learning rule.
We find that the TD-rule requires a leakage term- V(). If this term does not exist, values would
diverge. It has been shown [23] that in differential Hebb&arning without a third factor, however,
the auto-correlation part, which is the source of the leakagpded, (see Eq. 13 and Eg. 7) is non
existing. This shows that just through a well-timed thirdtéa the ratio between cross-correlation
and auto-correlation term is correctly adjusted. Thisoratiat the end responsible for thevalue
we will get using differential Hebbian learning to emulate-fearning.
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